The nonlinear stability of plane Poiseuille-Couette flow subjected to three-dimensional disturbances is studied asymptotically at large Reynolds number R. By analysing the nature of the instability for increasing disturbance size , the scaling = O(R −1/3 ) is identified at which a strongly nonlinear neutral wave structure emerges, involving the interaction of two inviscid critical layers. The striking feature of this structure is that the travelling wave disturbances have both streamwise and spanwise wavelengths comparable to the channel width, with an associated phase speed of O(1). An alternative method to the classical balancing of phase shifts is proposed, involving vorticity jumps, that uses a global property of the flow-field and enables the amplitudedependence of the neutral modes to be determined in terms of the wavenumbers and the properties of the basic flow. Numerical computation of the Rayleigh equation which governs the flow outside of the critical layers shows that neutral solutions exist for non-dimensional wall sliding speeds in the range 0 ≤ V < 2. It transpires that the critical layers merge and the asymptotic structure referred to above breaks down both in the large-amplitude limit and the limit V → 2 when the maximum of the basic flow becomes located at the upper wall.
Introduction
The linear stability of plane Poiseuille-Couette flow (PPCF) (the exact Navier-Stokes solution arising from the constant pressure-gradient driven flow through a plane channel with sliding walls) is a flow of practical interest with applications in many fields including the study of micro-electro-mechanical systems, magnetohydrodynamic power generation, aerodynamics heating and electrostatic precipitation. PPCF has been investigated extensively at asymptotically large Reynolds number by [1] and numerically at finite Reynolds number R by [2] [3] [4] among others, and the general conclusion of these studies is that this linear combination of the classical Poiseuille and Couette flows is stable to all infinitesimal disturbances above a cut-off value of wall sliding speed V c 0.34 in our non-dimensionalization. Based on their asymptotic analysis, Cowley & Smith [1] suggested that multiple neutral curves should coexist at large values of the Reynolds number for non-zero wall speeds below V c : this was confirmed recently by the numerical work of Kumar & Walton [5] (figure 1a). As far as the nonlinear stability properties of this flow are concerned, Balakumar [6] has demonstrated numerically that two-dimensional nonlinear equilibrium surfaces exist in the parameter space formed by Reynolds number, wavenumber and amplitude, with these surfaces forming due to the bifurcation of the solution from the linear state as the disturbance amplitude is increased. Our aim in this paper is to find an asymptotic description for such nonlinear solutions which describes how the modes self-sustain due to critical layer/wall layer interactions. Our formulation also allows us to include three-dimensional effects over a lengthscale comparable with the channel width. Our starting point is the classical linear asymptotic structure on the upper branch of the main neutral curve of figure 1a. This structure was first set out in [1] and is sketched in figure 1b. In this scenario, the disturbance survives due to an interaction between the linear critical layers (positioned where the basic velocity coincides with the phase speed of the disturbance) and the viscous Stokes layers adjacent to each wall. We study how this interactive structure alters as the disturbance size increases. In particular, we will show that when = O(R −1/3 ) nonlinear modes are supported over an O(1) range of wall sliding speeds and possess streamwise, spanwise wavenumbers and a phase speed all comparable in magnitude with the channel width. A novel feature of this structure is the presence of two strongly threedimensional nonlinear critical layers in which the dominant physical balances are very similar to those proposed in the pioneering work of Benney & Bergeron [7] . It is discovered that the amplitude of the waves can be determined analytically by balancing the total jump in vorticity across the two critical layers with that induced across the near-wall Stokes layers. The structure of the paper is as follows. In the remainder of this section, we introduce the governing non-dimensional equations and the basic flow under study. Section 2 concerns briefly the details of the weakly nonlinear critical layers, providing motivation for the scalings and asymptotic structure of the strongly nonlinear upper branch modes which follow in §3, where we present a novel method for determining the amplitude-dependence of the neutral modes. In §4, we present a numerical technique for calculating the phase speed and wavenumber of the disturbance as functions of amplitude, with the method taking into account the asymmetric nature of the basic flow. In addition, we provide a comprehensive description of the numerical results for a range of values of disturbance amplitudes, spanwise wavenumbers and sliding velocities. The rest of this section is devoted to a discussion of the new structures encountered in the limit of large disturbance amplitude (where the two critical layers merge) and the limit in which the maximum of the basic flow becomes located at the upper wall. Finally, in §5 we draw the main inferences and suggest avenues for further study.
(a) The governing equations and basic flow
Using an asterisk to denote a dimensional quantity, the Cartesian coordinate system (x * , y * , z * ) = (b * x, b * y, b * z) is used throughout this paper where x, y and z represent the non-dimensional coordinates in the streamwise, wall-normal and spanwise directions, respectively, with b * the channel half-width. The (x, y, z) velocity components are written as (u * , v * , w * ) = (U * m )(u, v, w), where U * m is the maximum speed of the Poiseuille component of the dimensional basic streamwise flow U * 0 (y * ). The density of the incompressible fluid is ρ * and its kinematic viscosity is ν * , where ρ * and ν * are constants. The pressure is expressed as p * = (ρ * U * 2 m )p and the time is written in the form t * = (b * /U * m )t. We can then pose the governing three-dimensional unsteady continuity and Navier-Stokes equations in the non-dimensional form:
where R is the Reynolds number and
The basic state is the streamwise flow between plane walls situated at y = ±1. The flow is subject to a uniform streamwise pressure gradient and the upper wall moves in the streamwise direction with the constant non-dimensional speed V (corresponding to the dimensional speed V * = U * m V), while the lower wall moves with the same speed but in the opposite direction. The no-slip boundary conditions are therefore u = ±V and v = w = 0 on y = ±1, ( 2) and the basic PPCF is given by
where p 0 is a constant. The flow geometry and a typical velocity profile are sketched in figure 2. In the next section, we briefly discuss the linear and weakly nonlinear properties of high Reynolds number modes stationed near the upper branch of the neutral curve as a precursor to the strongly nonlinear states that form the main focus of this paper.
Linear and weakly nonlinear upper branch stability
In an appendix to [1] , the eigenrelations on the upper branch of the linear neutral curve for PPCF are formulated. Extended to three dimensions and in terms of our notation they take the form
Here (α 0 , β 0 ) = R structure holds for a range of small sliding speeds V = R −2/11 V 0 with V 0 of O (1) . The quantities φ ± represent the phase shifts induced across the upper and lower critical layers and are both equal to π in the linear setting considered in [1] but can take on smaller values once the effects of nonlinearity are incorporated as first shown by Haberman [8] . A schematic of the full nine-zone asymptotic structure, which includes two critical layers (of thickness O(R −10/33 )) and two wall layers of Stokes form is given in figure 1b .
The effect of weak nonlinearity on this upper branch structure can be analysed in a similar manner to [5] , where an asymptotic structure in PPCF with a single critical layer was considered. It transpires that once the disturbance size is increased to O(R −14/33 ), nonlinearity affects the properties of the critical layers significantly, while leaving the dynamics of the other asymptotic regions essentially unchanged. Specifically, it can be shown that the phase shifts φ ± induced across the critical layers decrease with increasing disturbance amplitude such that
for disturbances of amplitude = R −14/33¯ . If we now wish to investigate stability at O(1) sliding speeds we require V 0 to increase to O(R 2/11 ). From balancing terms in eigenrelations (2.1), it follows that
Then, from the limiting behaviours (2.2), the scaled disturbance size¯ rises to O(R 1/11 ) which implies that the new structure holds for an enhanced disturbance amplitude
We are now in a position to set out formally the asymptotic structure of the strongly nonlinear upper-branch modes. In the view of the enhanced sliding speed, the inviscid shear layers II−, II+ depicted in figure 1b thicken and merge with the inviscid core region to form a Rayleigh inviscid zone of O(1) which is subject to the full velocity profile (1.3). In addition, the viscous wall layers (III−, III+) decrease to an O(R −1/2 ) thickness comparable with the phase shift. It can also be shown using an identical approach to that taken in [5] that the critical layers approach the midst of the Rayleigh region with their thicknesses increasing to O(R −1/6 ). The scaling arguments presented above indicate that in this strongly nonlinear regime we should seek solutions with α, β, V and c of O (1) and an O(R −1/3 ) wave amplitude, leading to an induced O(R −1/2 ) phase shift across the critical layers. This provides the motivation for the study of the nonlinear neutral modes whose asymptotic structure, illustrated in figure 3a, consists of five main regions: the strongly nonlinear critical layers (II+, II−) in the midst of the Rayleigh inviscid region I surrounded above and below by the viscous wall layers (III+, III−). We begin by considering the region I where the dynamics are predominantly inviscid before embarking upon the more complicated analysis of the critical layers. O (1) O(1) The analysis for smaller disturbances presented in the preceding section has identified a critical wave amplitude of O(R −1/3 ) at which strongly nonlinear effects are activated. In the bulk of the flow, we therefore superimpose upon the basic PPCF an unsteady three-dimensional disturbance and set = 2 with
The appropriate velocity and pressure expansions are
while the fundamental disturbances (u 2 , v 2 , w 2 , p 2 ) take the form of travelling waves
Here F 2 , G 2 , H 2 , P 2 are the unknown amplitude functions and u 1M , w 1M , u 2M , w 2M are the meanflow distortions, while the terms with subscript 5 anticipate the occurrence of induced O(R −1/2 ) phase shifts across the nonlinear critical layers, as alluded to in §2. A feature of this structure is that the induced streamwise and spanwise mean-flow distortions are larger by a factor 1/ than the fundamental disturbance: this follows from a rigorous examination of the response of each viscous critical layer to weakly nonlinear effects in the large amplitude limit referred to in §2. The analysis is very similar to that described in sections 4. 
For prescribed spanwise wavenumber β and sliding velocity V, the real O(1) constant A 0 needs to be determined in terms of the streamwise wavenumber α and phase speed c, with c = c 0 to leading order. The scalings (3.2) are identical to those found in asymptotic studies of fully developed and developing pipe flow [9, 10] . Substitution of these expansions into the governing equations (1.1) yields the following inviscid balances:
for I ∈ {2, 5}, with a prime denoting the appropriate ordinary derivative. Elimination of F I , H I , P I in (3.5) leaves the normal velocity perturbations G I governed by Rayleigh's equations:
with the G 2 component subject to the inviscid condition of tangential flow at the walls
It is evident from (3.5) that the velocity components are singular at y = y 1 , y 2 where
at which points U 0 = c 0 : critical layers are required to regularize the singularities at these locations. We note that the maximum allowable value of c 0 is 1 + V 2 /4 which ensures that the argument of the square root in (3.8) is non-negative. We observe from the plot of the basic velocity profile in figure 3b that the existence of the two critical layers is possible if and only if c 0 > V: this inequality certainly holds on the upper branch in the linear regime (as is clear from (2.1)) and we would expect it to continue to hold as the disturbance amplitude is gradually increased. In order to match with the critical layer, it is necessary to calculate the asymptotic behaviour of the disturbance velocity components and pressure with I = 2 about y = y i , where i ∈ {1, 2}, by applying the Frobenius method. The series solution for the normal velocity takes the form
Here, for given i, the coefficients of the series can be expressed in terms of two unknowns, g
i and g (1) i , with these coefficients determined numerically by solving (3.6) with (3.7) using the numerical method outlined in §4. Alternatively, the coefficients may be expressed analytically in recurrence relation form and these formulae are given for completeness in appendix A. For future purposes, the coefficients G
may be calculated explicitly to be
(3.10) Turning now to the other velocity components and pressure, with I = 2, it is straightforward to show from (3.5) and (3.9) that as y → y
and
The continuation of (3.9) and (3.11) on the other side y = y − i of the critical layers occurs in such a way as to smooth out the irregular behaviour of the logarithmic terms in these series solutions. The principal feature of the nonlinear critical layers is that the velocity and pressure jump induced across them are asymptotically small (as first proposed by Benney & Bergeron [7] ) and the implication of this is that as y → y − i , (3.9) and (3.11) are reproduced with ln(ε i ) replaced by ln(−ε i ).
(3.12)
The Rayleigh equation (3.6) for G 2 (y) subject to the boundary conditions (3.7) and the jump condition (3.12) constitutes an eigenvalue problem for α = α(c 0 , V, β) which is treated in §4. The amplitude-dependence of these modes is not determined explicitly in the core but rather via an interaction with the critical layers and wall layers involving the mean-flow distortion across the channel. It is the properties of this mean-flow distortion which we turn to next.
(b) The mean-flow distortion in the core
From substitution of (3.2) into (1.1), we find that the streamwise and spanwise mean-flow distortions satisfy
where the right-hand sides of both these equations vanish from consideration of (3.5), so that the distortions are unforced at leading-order in the inviscid region. The solution for u 1M , w 1M satisfying no-slip at the walls therefore assumes the simple piecewise linear form
(3.14)
The usual requirement that the quantity αu 1M + βw 1M is continuous across the critical layers y = y 1 , y 2 enables us to obtain two relations linking the unknown constants in (3.14), but previous studies of similar critical layers (e.g. [9, 10] ) lead us to anticipate jumps in the derivatives of u 1M , w 1M . In order to investigate this further, it is convenient to introduce the quantity
to represent the vorticity associated with the mean flow distortion. A key property of this quantity, established in appendix B, is that
In the inviscid core region I we have, from (3.2):
and therefore τ M is piecewise constant to leading order in this region in view of (3.14). across the wall layers, with this balance leading to the determination of the amplitude of the neutral modes as we shall see later, after we have investigated the dynamics of the critical layers II+, II− in detail.
(c) The nonlinear critical layers
The critical layers located at y = y i for i ∈ {1, 2} have thickness O( ) and so for each critical layer we introduce the O(1) normal wall variable Y i = (y − y i )/ . The relevant expansions are
as implied mainly by (3.2), (3.9) and (3.11). Here the velocity components and pressure depend on Y i and ξ . The intermediate · · · in each expansion denotes the occurrence of logarithmic terms which play no role in the determination of the vorticity jump which is our main concern here. Substitution of these expansions into (1.1) results in the following leading-order nonlinear inviscid balances: (3.19a,b) and
from which we infer that the main pressure disturbance P
1 is constant throughout the critical layers and its specific form is 
1 ) are obtained from matching of (3.18) with the inviscid region expansions (3.2a-c) on either side of the critical layers. These are given by
in view of (3.9) and (3.11a,b). Equations (3.19)-(3.21) constitute the leading-order fully nonlinear problem whose solution can be shown to be
and V
At this point in the analysis M i (η i ) is an unknown function of and is determined fully at higher order but must be subject to the asymptotic condition
in order to match to the core asymptotes in (3.21). Here and below, the notation ± denotes the upper and lower parts of each critical layer, wherein
is a constant (in recognition of the continuity of the mean flow distortion across the critical layers) and we define the skewed velocity component 
The quantities L (i) (n,m) (n = 2, 3, 4) are forcing functions arising due to the nonlinear inertial responses and viscous effects which can be written down for any particular m and n. After taking an appropriate linear combination of the equations (3.27b,d), we differentiate the resulting equation with respect to Y i followed by use of (3.22), (3.23), (3.26), (3.27a,c) to obtain an equation for the shearū
where the change of variables (ξ , Y i ) → (ξ , η i ), with ξ =ξ has been performed so that
Following some manipulation of (3.27d), we deduce an equation for W (i) m which satisfies
Below, the notation 'E' or 'O' is used to represent contributions that are even or odd about ξ = π . Clearly, for each critical layer, the leading-order solution ( 
from (3.2), (3.3), (3.9) and (3.11). Integration of (3.28) with m = 2 and use of (3.31) leads us to expressions for the shearū
and its associated asymptotic behaviour. These take the form 
Taking into account the symmetry of the m = 1, 2 solutions we see that L (3, 3) and L (i) (4, 3) are, respectively 'O', 'E', 'O' and this leads to the m = 3 solution inheriting that symmetry. It turns out that these solutions give no further information about the unknown functions in the m = 1, 2 solutions and so we proceed to higher order. The forcing functions at the m = 4 stage may be abbreviated to
where the contributions U
mark the first appearance of any viscous effects in the critical layers. Substituting (3.34) into (3.28), we find that the shearū
is governed by 
where 
where the constants F (i)± have been evaluated using (3.33). This equation can itself be integrated and after applying the condition of uniform vorticity
Letting η i → (−1) i ∞ in (3.41), the asymptotic form for K i is determined to be
where and C (1) −5.516 is the same constant that occurs in a number of earlier critical layer studies (e.g. [9] ). Examining the finite part of the jump in K i (η i ) across the critical layers in relations (3.33) and (3.42) allows us to determine the vorticity jump as
In terms of the quantity τ M defined in (3.15), the net vorticity jump across both critical layers is
where we have made use of (3.17). In order to determine the amplitude-dependence of the neutral modes we need to calculate the corresponding net vorticity jump across the viscous Stokes layers which form the focus of our attention in the next subsection.
(d) The viscous wall layers and the amplitude equation
The dominant balance in both wall layers is between the inertia term α(U 0 − c) and the viscous operator R −1 ∂ 2 /∂y 2 , implying a classical O(R −1/2 ) thickness. In the wall layer III+, the velocities and pressure expand as follows:
with
where F 1 and H 1 are the mean-flow distortions in the streamwise and spanwise directions, respectively. Our main aim in this subsection is to determine the jump in vorticity associated with these mean flow distortions. In terms of the quantity τ M defined in (3.15), the leading-order jump in vorticity across the upper layer is
In order to determine this quantity, we first need to find the response of the fluctuations. Substitution of (3.46) into (1.1) yields the following unsteady-viscous-pressure force balances
subject to the boundary conditions of no slip at the wall and of matching with (3.2), so that
where σ 1 = P 2 (1)/(c 0 − V). The solution of (3.48), (3.49) may be expressed in the form
where Re denotes the real part and m 1 = (α(c 0 − V)) 1/2 exp(−iπ/4). Taking the limit ofV in (3.50) as Z 1 → −∞ and matching to the normal velocity expansion (3.2b) as y → 1 yields 
It therefore follows that the jump defined in (3.47) is given explicitly by
A similar analysis can be carried out for the lower wall layer III− near y = −1, the only difference being that −V is the leading term in the streamwise velocity expansion here. We finally obtain
with l = (α(c 0 + V)/2) 1/2 and σ 2 = P 2 (−1)/(V + c 0 ). As remarked at the end of §3b, the flow structure is only self-consistent provided the total jump in mean flow distortion vorticity is zero and this implies
Substitution of J CL from (3.45) and J III+/− from (3.53), (3.54), together with use of (3.51), leads to the expression
determining explicitly the amplitude dependence of the nonlinear upper branch modes. Analysis of this expression in the limit V → 0 establishes the appropriate link back to the weakly nonlinear regime of §2. The value of G 2 (1) is normalized to unity and for given sliding speed V and the spanwise wavenumber β, the normal velocity amplitude A 0 in (3.56) is fixed, once g
2 , G 2 (−1), α, c 0 are calculated by solving numerically the Rayleigh problem posed in §3a. It should be stressed that although we have worked in terms of the vorticity jump to derive the amplitude equation (3.56), the same result can be obtained by balancing the small phase shifts induced across the two wall layers with the corresponding phase shifts induced across the nonlinear critical layers following the technique used in previous single critical-layer studies such as [9, 10] .
Results for the strongly nonlinear regime (a) Numerical method
First we describe the numerical method formulated to solve the Rayleigh equation (3.6) for the normal velocity eigenfunctions G 2 (y) with the boundary conditions (3.7) and the jump condition (3.12). Our procedure is as follows. With the wall sliding speed V, spanwise wavenumber β and phase speed c 0 prescribed, we guess a value of the streamwise wavenumber α. Then using the conditions G 2 (1) = 0, G 2 (1) = 1, a Runge-Kutta (RK) solution of (3.6) is initiated in the region from y = 1 to y = y 1 + δ, where δ is taken small, typically 0.001. The continuity of G 2 at the junction 1 and g (1) 1 . Applying the jump condition (3.12), we consider the series solution (3.9) for y < y 1 and evaluate G 2 (y 1 − δ), G 2 (y 1 − δ). These quantities are then used to perform an RK march in the region from y = y 1 − δ to y 2 + δ. At y = y 2 + δ, the values of G 2 , G 2 due to the power series (3.9) with i = 2 and those arising from the RK method are equated, thus fixing g (0)
2 and g (1) 2 . These values are then used to calculate G 2 (y 2 − δ) and G 2 (y 2 − δ) from the series solution (3.9) for y < y 2 . Finally, we march (3.6) inwards from y = y 2 − δ to y = −1, where we calculate G 2 (−1). Newton iteration on α is then applied until this quantity is zero to some suitable tolerance. Once the solution for α is obtained, the value of G 2 (−1) is known and the amplitude A 0 of the neutral modes can then be determined from (3.56). We repeat the procedure for a range of values of V, β and c 0 . A schematic of the numerical procedure is given in figure 4 . Figure 5a ,b displays the amplitude-dependent neutral stability results giving α, c 0 as functions of the amplitude A 0 for various values of V for the case of zero spanwise wavenumber. We observe that for a given V the streamwise wavenumber and dominant phase speed increase monotonically as the amplitude is increased, indicating that the wavelength of the neutral modes is shortening. In addition, we see that on these plots there are lower cut-off values (α c and c c , say), being functions of the sliding speed, and the range of amplitudes over which the instability exists is reduced, particularly at larger values of V. Figure 5c shows that an increase in the sliding speed results in the movement of the critical layer y 2 away from the lower wall, while the critical layer y 1 heads towards the upper wall. In figure 5d , we show the nonlinear dispersion relation c 0 (α) which of course resembles figure 5b given the monotonic behaviour for α(A 0 ) mentioned above. The numerical solutions to the three-dimensional Rayleigh equation (3.6) exist for a range of non-zero spanwise wavenumbers, for example, β = 1, 3, as shown in figure 6. The general trends described above for β = 0 remain unchanged, but it is interesting to notice that c c is also a function of the spanwise wavenumber, and its value increases with increasing β. In figure 7a -c, we plot the difference in critical layer location versus amplitude for various sliding velocities and spanwise wavenumbers. It is observed that at large amplitude the critical layers appear ever closer together. In order to gain more insight into this potential merging process, it is instructive to examine the Rayleigh problem in the large-amplitude limit A 0 1, and this is carried out in the next subsection. We also found that solutions were confined to sliding velocities in the range 0 ≤ V < 2. As V approaches 2, the maximum of the basic flow (1.3) becomes located on the upper wall, and the numerical results suggest that the asymptotic structure considered in §3 breaks down. Indeed, as V increases to around 1.8, the critical layers become sited in the vicinity of the upper wall which adds complications to the numerical matching of the RK and series solutions at the appropriate junctions. To overcome this, we adopt an asymptotic approach to the Rayleigh problem in the limit V → 2 which is the subject of a brief discussion in §4d with (c) Analysis of the nonlinear modes in the large amplitude limit
(b) Numerical results
The numerical calculations just presented suggest that this limit, in which the two critical layers approach the location y = V/2 with V = 2, is worthy of further investigation. Examination of figures 5 and 6 suggests that as A 0 → ∞ we have α → ∞, y 1 → (V/2) + and y 2 → (V/2) − with c 0 → 1 + V 2 /4 in view of figure 3b. For |y 1 − y 2 | 1 solutions of (3.6) and (3.7) are sought with α large and O(y 1 − y 2 ) −1 . Then the main variation of G 2 occurs when y = V/2 + (y 1 − y 2 )ŷ with −∞ <ŷ < ∞, and so the dominant scalings are
and g It is easy to establish the series solutions of (4.2) about the regular singular pointsŷ = ±1/2 with unknownsĝ (0) i ,ĝ (1) i , with i ∈ {1, 2}, which are determined numerically by solving (4.2) and (4.3) on an infinite domain. Imposing the normalization conditionĜ 2 (∞) = 1 we employ a numerical method very similar to that outlined in §4a to obtain the neutral valueα ≈ 2.90812 independent of the value of spanwise wavenumber β. With (4.1) holding, the amplitude equation (3.56) then reduces to
where we have used (3.22) for b i . We can use (4.4) to construct large amplitude asymptotes for the wavenumber and phase speed of the disturbance and these are shown by dashed curves in figures 5 and 6: in each case, excellent agreement with the full computations can be observed. Using the result (4.4) and the asymptotic forms (4.1), we make the following observation in the critical layer variable scaling (3.29) in this limit:
where we have used (d) Analysis of the nonlinear modes in the limit V → 2
In this limit, where the maximum of the basic flow (1.3) is attained on the upper wall, the critical layers also merge but at a location arbitrarily close to that upper boundary, rendering numerical computation difficult. For |2 − V| 1, we seek solutions of (3.6) and (3.7) with α large and of order (2 − V) −1 . Then the main alteration to G 2 arises when y = 1 − (2 − V)ỹ with 0 ≤ỹ < ∞, and so the leading-order scalings are
and g
where the O(1) constantsα,g
1 andg (0) 2 are to be evaluated. Under the scaling (4.6), the Rayleigh equation (3.6) reduces to
while the appropriate boundary conditions (3.7) and (3.12), respectively, becomẽ Here the phase speed perturbation parameter
is an O(1) quantity whose value lies in the interval (0, 1/4), given that V < c 0 < 1 + V 2 /4. In terms of this quantity, the critical layer gap may be expressed in the form
from (4.8) and the scaling for y just above (4.6). The numerical solution to the problem (4.7) and (4.8), which again is independent of the value of β, allows us to calculateα,g
1 andg
2 as functions ofc. If we analyse the amplitude expression (3.56) under the scalings (4.6), (4.9) and (4.10), together with the normalization conditionG 2 (0) = 1 we find that 11) implying that the size of the disturbance amplitude remains unchanged in this limit, namely = O(R −1/3 ). Using this result, we can calculate the nonlinear dispersion relation c 0 (α) in the limit V → 2 and this is represented for the case β = 0 by dashed curves on figure 7d alongside the full computations for various V. Similar results can be obtained for non-zero β and in all cases there is excellent agreement between the full numerics and asymptotic theory as V → 2.
In this limit, since both critical layers are approaching the upper wall while the gap between them is diminishing, it follows that our nonlinear structure will break down when V − 2 is sufficiently close to zero. From figure 8b . Again, we plan to study this novel structure in more detail in the future. Figure 9 illustrates the interconnections between the asymptotic stability theories we have considered here as a function of the disturbance size superimposed on the basic PPCF state (1.3). Our main asymptotic and numerical results may be summarized as follows.
Conclusion
An examination of the classical nine-zone asymptotic structure of the linear upper branch mode for PPCF inclusive of spanwise wavenumber leads to the establishment of the threedimensional upper-branch eigenrelations. Investigation of the viscous critical layers sited within their respective shear layers reveals that the structure associated with this mode alters slightly when increases to O(R −14/33 ), with the critical layers acquiring weakly nonlinear characteristics including a reduced phase shift.
From consideration of the weakly nonlinear structure as the disturbance amplitude is increased further we show in §2 that a strongly nonlinear regime emerges at = O(R −1/3 ) with this structure forming our focus for the remainder of the paper. The new structure involves two critical layers sited within an inviscid core region at locations which are dependent on the amplitude-dependent phase speed of the disturbance. These layers are of an equilibrium, inviscid, fully nonlinear type and possess flow structures which bear some similarities to those previously studied by Smith & Bodonyi [9] and Walton [10, 11] among others. The amplitude-dependence of the neutral modes is determined by a novel method which involves working in terms of the meanflow distortion and balancing the vorticity jumps across the critical layers with those induced by the Stokes layers adjacent to the channel walls.
The numerical results presented in §4b establish the existence of such modes over a wide range of O(1) wavenumbers and for sliding speeds in the range 0 ≤ V < 2 with the O(1) dominant phase speed lying between the minimum and maximum of the basic PPCF. We note that these instability modes exist at sliding speeds well in excess of the linear instability cut-off. Investigation of the strongly nonlinear structure in the large amplitude limit, when the two critical layers merge, is performed in §4c, and the new short-scaled structure that emerges is discussed in some detail. The nonlinear stability structure set out in §3 also breaks down in the limit V → 2 when, in addition to the merging described above, the critical layers penetrate the upper Stokes layer to form a new nonlinear near-wall region. The new structure found here is identical to the boundary-region structure uncovered by Kumar & Walton [5] for nonlinear disturbances bifurcating from the upper figure 1a . A systematic study of the asymptotic structures corresponding to the new regimes shown in figure 8 will form the focus of future work.
Finally, one of the main achievements of this paper is the establishment that three-dimensional nonlinear neutral modes exist in PPCF for disturbances of O(R −1/3 ) when R 1. An important next step, and one which we intend to pursue actively is to verify the existence of such neutral surfaces in the (α, β, R) plane at finite Reynolds number by tackling the full Navier-Stokes equations numerically at sliding speeds in excess of the linear cut-off V 0.34. We will then be able to compare the results of our asymptotic theory with the corresponding Navier-Stokes solutions.
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